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ABSTRACT 
If A is an n X n irreducible singular M-matrix where n > 1, it is shown that there 
is no positive integer m such that A”’ is triangular. Related results are proven for 
those matrices PAP’ where A is a reducible singular M-matrix and P is a particular 
permutation matrix and for certain Qmatrices. An analogue of the Minkowski 
determinant theorem is extended to a larger subclass of the M-matrices. 
I. INTRODUCTION 
In [5] T. L. Markham proved an interesting property about M-matrices, 
namely that if A is an M-matrix and A”’ is triangular for some positive 
integer m, then A itself is triangular. In [7] Stadelmaier et al. extended this 
result by showing that if A is a singular M-matrix, then there exists c > 0 
such that for each s E (0, c), all elements of {(A + sI) -n’ ( m is a positive 
integer} have the same zero pattern. Here we show that Markham’s inherent 
triangular property holds for irreducible singular M-matrices (of order n z=- 1) 
and that for any reducible singular M-matrix A, PAP” also has this inherent 
triangular property, where P is a particular permutation matrix associated 
with A. We also note that No-matrices [3] having this inherent triangular 
property are irreducible monomial matrices. Most of these results are then 
shown to hold when triangular is replaced by essentially triangular. 
Markham [5] also proved that if A and B are M-matrices and there exists 
a vector u > 0 such that Au > 0 and Bu > 0, then det A + det B < det( A + 
B). Here we extend this result to a larger subclass of M-matrices and prove a 
related result. 
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II. PRELIMINARIES 
We shall assume all matrices are n-square and all vectors are n-vectors 
unless specified otherwise. If P is a permutation matrix, then the matrix 
P’AP is said to be permutation cogredient to A. The matrix A is said to be 
reducible if it is permutation cogredient to a matrix of the form 
where A,, and A,, are square (nonvacuous) matrices. A matrix which is not 
reducible is irreducible. Following Fiedler and Ptti [2], let 2 denote the class 
of square matrices with nonpositive off-diagonal entries. Throughout the 
paper we assume a knowledge of the well-known results on nonnegative 
matrices and (nonsingular) M-matrices [those matrices A E 2 of the form 
A = (YZ - B where B >, 0 and (Y > p(B) = the spectral radius of B]. In par- 
ticular, recall that an M-matrix has positive principal minors and a nonnega- 
tive inverse and that a singular M-matrix is defined to be a matrix A of the 
form A=p(B)Z-B where B>O. 
An No-matrix is defined in [3] to be a matrix of the form A = CYZ - B 
where B >, 0 and p(B) > LY > h = the maximum of the spectral radii of all 
(n - 1) x (n - 1) principal submatrices of A. In [3] Johnson showed that the 
inverse of an No-matrix is nonpositive and irreducible, all proper principal 
minors of an No-matrix are nonnegative, and the determinant of an &-matrix 
is negative. 
III. RESULTS 
We first prove that Markham’s triangular property holds for irreducible 
singular M-matrices. We shall need the following lemma. 
LEMMA 3.1. Zf D is a positive diagonal matrix and A > 0, where 
rank(A) < 1, then D + A is nonsingular. 
Proof. We may assume that rank(A) = 1, since the theorem is trivial if 
rank(A) = 0. Since rank is invariant under positive diagonal scaling, we may 
also assume that D = Z and A = uut, where u = [ul, uz,. . . , u,]’ > 0 and 
0 = [v,,oz,..., u,lf > 0. Then I+ UD’ = [el + olu,ez + oDzu ,..., e, + o,u], 
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where {e,,e,,..., e, } is the standard b asis for R”. Suppose that there is some 
i, 1 < i G n, such that ei + oiu = C’cYj(ej + vju) = X’cYjej + (C’cujuj)u, where 
x’ denote the summation over j + i and oj E R, 1~ j < n, j # i. Then, 
ei - x’cujej = (C’CU~U~ - ui)u and hence (C”Y~U~ - vi)ui = 1, which implies 
that C’oj~j - oi > 0. Thus, E’ojuj > 0, which means that for some j, Z i, 
1~ j, < n, we have ojO~j, > 0 (and hence oj, > 0). But - oj0 = E.‘(cI~u~ - 
oi)ujC,, which yields the contradiction cyjo < 0. Thus, I + uo’ is nonsingular. n 
THEOREM 3.2. Suppose that A is an n x n irreducible singular M-matrix 
where n > 1. Then A” is not lower triangular for any positive integer m. 
Proof. Assume that A” is lower triangular where m is a positive integer. 
Since A is irreducible, we may assume that m > 1. Fiedler and Ptak [2] 
proved that an irreducible singular M-matrix A has the form 
A= 
where A,, is an M-matrix of order n - 1, b is (n - 1) X 1, and c is 




c(All+ bc)“-‘A,, c(AI1+ bc)“‘-‘b 
Since A is lower triangular, (A,, + bc)“-’ b = 0, which implies that b = 0 or 
(A,, + bc)“-’ is singular. Note that c < 0, since CA,, Q 0 and A,’ > 0. 
Hence, CA,’ Q 0. By the lemma Z + bcA,’ is nonsingular. But this implies 
that A,, + bc [and hence (A,, + bc)“-I] is nonsingular. Therefore, b = 0, 
which contradicts the irreducibility of A. W 
Now suppose that A is a reducible singular M-matrix. Then there exists a 
permutation matrix P such that 
/A,, 0 . . . 0 
A,, A22 . 
PAP’=: ;‘: ’ 
. . 
. . . 0 
\ 41 A,z l . * Au 
(3.1) 
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where each A ii, 1~ i < t, is an irreducible (possibly singular) M-matrix. 
Hence, for each positive integer m, 
I A” 11 0 . . . 0 
* 
A%? * 
(PAP)" =PA~P~= : l : ; . : . (3.2) 
. . . 0 
* . . . 
\ 
* A;; 
THEOREM 3.3. Suppose that A is a reducible singular M-matrix and that 
P is a permutation matrix such that PAP” has the form (3.1). Then (PAP’)“’ 
is lower triangular for some positive integer m only if PAP’ is, and in this 
case, A ii is a lower triangular M-matrix or A ii is the 1 X 1 zero matrix, 
l<i<t. 
Proof This follows directly from Theorem 3.2 and Markham’s result. n 
According to [4], a matrix is essentially triangular if it is permutation 
cogredient to a triangular matrix. 
THEOREM 3.4. Let A be an n X n irreducible singular M-matrix where 
n > 1. Then A”’ is not essentially triangular for any positive integer m. 
Proof. Suppose A is an n X n irreducible singular M-matrix where 
n > 1. Then so is PAP’ for any permutation matrix P, and by Theorem 3.2 
(PAP’)“’ = PAmPt is not triangular for any positive integer m, which implies 
that A” is not essentially triangular for any positive integer m. n 
The following theorem was proved by Brualdi and Lewin [l]. 
THEOREM 3.5. Let A be an n x n nonsingular M-matrix. lf for some 
positive integer m, A”’ is an essentially triangular matrix, then A is an 
essentially triangular matrix. 
Using this result, we prove the following. 
THEOREM 3.6. Let A be an n X n singular M-matrix where n > 1. lf A”’ 
is an essentially triangular matrix for some positive integer m, then A is an 
essentially triangular matrix. 
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Proof. Suppose A is an n X n singular M-matrix where n > 1 such that 
A” is essentially triangular for some positive integer m. Then, there is a 
permutation matrix P such that PAP’ has the form of (3.1) [and PA”‘P’ has 
the form of (3.2)]. Now PA”P’ is essentially triangular, which implies that 
A:: is essentially triangular, 1~ i < t. Thus, by Theorems 3.4 and 3.5 Aii is 
an essentially triangular nonsingular M-matrix or Aii is the 1 X 1 zero matrix. 
Hence, A itself is essentially triangular. n 
The following is also due to Brualdi and Lewin [l]. 
THEOREM 3.7. Let A be an n X n irreducible nonnegative matrix with 
index of imprimitivity h. Let m be a positive integer. 
equivalent: 
(1) A” is essentially triangular. 
(2) A* is diagonal. 
(3) n divides m, ana’ h = n. 
(4) n divides m, and A is permutation cogredient 
IO a, ‘.- 0 0 
0 0 .** 0 0 
. . 
. . 
6 0 : 6 a,,‘_, 
\ a, 0 a.* 0 0 
Then the following are 
to the n x n matrix 
(3.3) 
where ala2 . . . a, # 0. 
The following result is obtained by applying Theorem 3.7 to &-matrices. 
THEOREM 3.8. Let A be an N,-matrix. Then A”’ is lower triangular for 
some positive integer m if and only if A is an irreducible monomial matrix 
and n divides m. In this case, A” is diagonal. 
Proof. Since A-’ is irreducible and nonpositive, this follows directly 
from Theorem 3.7. n 
In [S] Markham proved the following result. 
THEOREM 3.9. lf A and B are M-matrices and there exists a vector u > 0 
suchthatAu>OandBu>O, then detA+detB&det(A+B). 
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Markham then noted that the determinantal inequality det A + det B < 
det( A + B) holds for the pair of M-matrices 
A=(:, -;) 
and B = A’, although it is impossible to find a vector u > 0 such that Au > 0 
and Bu > 0. We note that there is a vector u > 0 such that Au >, 0 and 
Bu > 0 [namely, u = (1, l)‘]. Hence, one wonders whether Markham’s de- 
terminantal inequality holds with this weaker hypothesis. The following 
theorem answers this in the affirmative. 
THEOREM 3.10. Suppose A and B are M-matrices such that there exists a 
vector u > 0 such that Au > 0 and Bu >, 0. Then det A + det B < det( A + B). 
Proof. Let E > 0. Then A + el, B + ~1, and A + B +2&I are all M- 
matrices, since the product of any of these matrices with u is positive. 
Ostrowski [6] showed that if A and B are M-matrices with A < B, then 
det A < det B. Applying the results of Ostrowski and Markham, we have 
det A + det B < det( A + EZ) + det( B + EZ) < det( A + B + FEZ ). Taking limits, 
we obtain the desired result. n 
Note, however, that if 
and 
then A and B satisfy this determinantal inequality but there is no u > 0 such 
that Au >, 0 and Bu >, 0. We also note that if A and B are M-matrices with 
A < B, then A and B satisfy this determinantal inequality. Lastly, note that if 
A and B (or both) is a singular M-matrix and there exists a vector u > 0 such 
that Au >, 0 and Bu > 0, then the theorem follows by a similar argument. 
COROLLARY 3.11. Suppose A and B are M-matrices such that there exists 
a vector u > 0 such that Au > 0 and Bu > 0. Then A + B is an M-matrix. 
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Proof. Obviously, A + B E 2. Let A, + B, be a k X k principal subma- 
trix of A + B, where A, and B, are the corresponding principal submatrices 
of A and B, respectively. Let ui be the k-vector obtained from u by taking 
the components of u which correspond to columns (equivalently, rows) in 
A,. Then A,u, 2 0 and B,u, > 0. Applying the theorem and the fact that A, 
and B, are M-matrices, we have 0 < det A, fdet B, Q det(A, + B,). Thus, 
all principal minors of A + B are positive, which implies that A + B is an 
M-matrix. n 
Note that the corollary also holds if A is an M-matrix and B is a singular 
M-matrix. 
The author wishes to thank the referee and Dr. Emeric Deutsch for their 
useful comments. 
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